
Question 1) [33 Points] Obtain the finite difference 
equations in the matrix form for the following differential 

equation from x=0 to 3 for n=4:    
𝑑2𝑦

𝑑𝑥2
= −

𝑑𝑦

𝑑𝑥
+ 5𝑥      with     y ′ (0) = 1 and  y(3) = 2  . 

Solution 1)  Do the necessary calculations and write the differential equation in the finite difference 

form (with the index variable i) by using the given table:       

h=x=(3-0)/(n-1)= (3-0)/(4-1) = 1 

From the table:    𝑦𝑖 ′ =  [ 1/(2ℎ) ] ( 𝑦𝑖+1   −  𝑦𝑖−1 ) = 0.5 (𝑦𝑖+1   − 𝑦𝑖−1 ) 

𝑦𝑖 ′′ =  ( 1/ℎ2 ) ( 𝑦𝑖−1  −  2𝑦𝑖  +  𝑦𝑖+1 )  =   𝑦𝑖−1  −  2𝑦𝑖  +  𝑦𝑖+1  

Diff. Eq.: 𝑦𝑖’’ =  −𝑦𝑖′ +  5 𝑥𝑖   →    ( 𝑦𝑖−1  −  2𝑦𝑖  +  𝑦𝑖+1 )  +  0.5 (𝑦𝑖+1   − 𝑦𝑖−1 )  =  5 𝑥𝑖  

0.5  𝑦𝑖−1   −  2 𝑦𝑖  +  1.5 𝑦𝑖+1   =  5 𝑥𝑖        ,    i=1 to 3 (because we have y
4
 available) 

Write the finite difference equations (xi and the finite difference equations) for each step (i):  

i=1:  x1 = 0   ,   0.5 y0 - 2 y1  + 1.5 y2 = 5 x1 

y’1 = 1   →    y’1 = (y2 - y0 )/ (2h)= (y2 - y0) / 2 = 1   →   y0 = y2 - 2  

        0.5 (y2 - 2) - 2 y1 + 1.5 y2 = 0     →    -2 y1 + 2 y2 = 1 

i=2:  x2 = 1   ,   0.5 y1 - 2 y2  + 1.5 y3 = 5 x2     →    0.5 y1 - 2 y2  + 1.5 y3 = 5 

i=3:   x3 = 2   ,   0.5 y2 - 2 y3  + 1.5 y4 = 5 x3     →    0.5 y2 - 2 y3  + 1.5 y4 = 10 

i=4:  x4 = 3   ,   y4 = 2 

 

 

 

Write the finite difference equations in the matrix form: 

[

−2 2 0 0
0.5 −2 1.5 0
0 0.5 −2 1.5
0 0 0 1

] [

𝑦1

𝑦2

𝑦3

𝑦4

] = [

1
5

10
2

]  
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Question 2) [33 Points]  Solve the simultaneous equation system below by using Gauss 
Elimination Method with all details (clearly showing forward and backward calculations.  No small 
street market calculations.).   

         𝟔 𝒙𝟐 + 𝟏𝟓 𝒙𝟑 − 𝟏𝟓𝟎 = 𝟎
−𝟑 𝒙𝟏 − 𝟗 𝒙𝟐 + 𝟔 𝒙𝟑 − 𝟗 = 𝟎
𝟗 𝒙𝟏 − 𝟗 𝒙𝟐 + 𝟐 𝒙𝟑 − 𝟐𝟓 = 𝟎

 

Solution 2)  You have to switch the 1st row with one of the others. 

 

        Sorry for fractional results 😊 
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Question 3) [34 Points] The volume of a closed cylinder is given with a formula  𝑓(𝑥) =
𝑆

2
∙ 𝑥 − 𝜋 ∙ 𝑥3 

where x is its radius, and S is its surface area.  If we want to keep the surface area at 150 𝑐𝑚2 , then 

numerically calculate its radius x to obtain the maximum volume fmax(x) by using Golden Bracketing 

method.  Consider the constraint that x should be greater than zero. 

(Search x between 2.7 and 2.9 cm .  Stop telescoping when the bracketing width    ℎ ≤ 1 ∙ 10−1 .  Use   

R=0.618034   as the Golden Ratio.  Work with at least 4 decimal points.) 

Solution 3)  Prepare the function to do the optimization: 

 

To convert the problem from maximization to minimization, we negate the function as: 

𝐹(𝑥) = −𝑓(𝑥) = −75 ∙ 𝑥 + 𝜋 ∙ 𝑥3 + 𝜆 ∙ [min(0, 𝑥)]2              (𝐿𝑒𝑡 𝜆 = 1) 

 

 

and use the table below to numerically optimize the function by using Golden Bracketing method: 

(Do not expect more rows than given below) 

i ai bi h x1i=bi-Rxh x2i =ai+Rxh f(x1i) f(x2i) Stop if h<ε 

1 2.7000 2.9000 0.2000 2.7764 2.8236 -140.9949 -141.0472  

2 2.7764 2.9000 0.1236 2.8236 2.8528 -141.0472 -141.0203  

3 2.7764 2.8528 0.0764 2.8056 2.8236 -141.0411 -141.0472 Yes 

 

Show the detailed calculation for the last row only: 

At the 3rd step (i=3): 

𝑓(𝑥22) > 𝑓(𝑥12)     →   𝑎3 = 𝑎2   𝑎𝑛𝑑  𝑏3 = 𝑥22 = 2.8528 

𝑓(𝑥13) = 𝑓(2.8056) =  −75 ∙ (2.8056) + 𝜋 ∙ (2.8056)3 = −141.0411 

𝑓(𝑥23) = 𝑓(2.8236) =  −75 ∙ (2.8236) + 𝜋 ∙ (2.8236)3 = −141.0472 

At the 3rd step (i=3):  ℎ = 𝑏3 − 𝑎3 = 2.8525 − 2.7764 = 0.0764 <  0.1 , the telescoping stopped. 

 

Optimal x= 

𝑶𝒑𝒕𝒊𝒎𝒂𝒍   𝒙 =
𝟐. 𝟖𝟎𝟓𝟔 + 𝟐. 𝟖𝟐𝟑𝟔

𝟐
= 𝟐. 𝟖𝟏𝟒𝟔  𝒄𝒎 

 

 

Maximum volume= 

𝑽𝒎𝒂𝒙 = 𝟕𝟓 ∙ (𝟐. 𝟖𝟏𝟒𝟔) − 𝝅 ∙ (𝟐. 𝟖𝟏𝟒𝟔)𝟑 = 𝟏𝟒𝟏. 𝟎𝟒𝟔𝟑 𝒄𝒎𝟑 
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