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Spring 2024 

May 30, 2024 

 
 

Answer ONLY 100 point questions out of 120 possible 

1) [5 pts.] Assume that EEG signal is showing noticeable power between 0-100 kHz band. What 

is the minimum sampling frequency of EEG signal if you are to process information between 

0-2 kHz range? How would you connect ADC to the sensor for such measurements?  

 

                                                                                                         Anti-aliasing LPF with a cutoff at 2 kHz must be applied 

before the sampling. 

 

2) [5 pts.] Find the period and fundamental frequency of DT signal x[n], if it is periodic. 

𝑥[𝑛] = sin (
2𝜋𝑛

5
) 𝑒𝑗3𝜋𝑛 + cos(3𝜋𝑛) 

 

 

𝜔1 =
2𝜋

5
=

2𝜋

𝑁1
𝑚1 → 𝑁1 = 5  (𝑤𝑖𝑡ℎ 𝑚1 = 1) 

𝜔2 = 3𝜋 =
2𝜋

𝑁2
𝑚2 → 𝑁2 = 2 (𝑤𝑖𝑡ℎ 𝑚2 = 3) 

𝑁1

𝑁2
=

𝑚

𝑙
=

5

2
   →    𝑁𝑜 = 2𝑁1 = 5𝑁2 = 10 𝑠𝑎𝑚𝑝𝑙𝑒𝑠 

NOTE: N always MUST be an integer!!!! 

 

 

 

 

3) [5 pts.] What is the odd component of 𝑥[𝑛]? 

 

 

 

𝑥[−𝑛] = −sin (
2𝜋𝑛

5
) 𝑒−𝑗3𝜋𝑛 + cos(3𝜋𝑛) 

𝑥𝑜[𝑛] = 0.5(𝑥[𝑛] − 𝑥[−𝑛]) 

𝑥𝑜[𝑛] = 0.5 [sin (
2𝜋𝑛

5
) 𝑒𝑗3𝜋𝑛 + cos(3𝜋𝑛) +sin (

2𝜋𝑛

5
) 𝑒−𝑗3𝜋𝑛 − cos(3𝜋𝑛)] 

 

𝑥𝑜[𝑛] = sin (
2𝜋𝑛

5
) 0.5[𝑒𝑗3𝜋𝑛 + 𝑒−𝑗3𝜋𝑛] = sin (

2𝜋𝑛

5
) cos(3𝜋𝑛) = (−1)𝑛 sin (

2𝜋𝑛

5
) 

 

 

  

𝑓𝑠𝑚𝑖𝑛
=        4kHz 

𝑁𝑥 = 10 

𝜔𝑜 =   2𝜋/10       

𝑥𝑜[𝑛] =   (−1)𝑛 sin (
2𝜋𝑛

5
)       
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4) [5 pts] Show if 𝑧[𝑛] is an energy signal or not? 

𝑧[𝑛] = 0.4𝑛𝑢[𝑛] + 2𝑛𝑢[−𝑛] 

 

 

 

 

|𝑧[𝑛]|2 = 0.42𝑛𝑢[𝑛] + 22𝑛𝑢[−𝑛] + 2 ⋅ 0.8𝑛𝑢[𝑛]𝑢[−𝑛] 

𝐸𝑧 = lim
𝑁→∞

∑ (0.42𝑛𝑢[𝑛] + 22𝑛𝑢[−𝑛] + 2 ⋅ 0.8𝑛𝑢[𝑛]𝑢[−𝑛])

𝑁

𝑛=−𝑁

 

𝐸𝑧 = lim
𝑁→∞

{∑ 0.16𝑛

𝑁

𝑛=0

+ ∑ 4−𝑚

𝑁

𝑚=0

+ 2} = lim
𝑁→∞

{∑ 0.16𝑛

𝑁

𝑛=0

+ ∑
1

4

𝑚𝑁

𝑚=0

+ 2} 

 

𝐸𝑧 =
1

1 − 0.16
+

1

1 − 0.25
+ 2 = 4.53 < ∞ 

 

 

  

𝐸𝑧 =  4.53 < ∞       
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5) [20 pts.] Let DT system be  

𝑦[𝑛] = ∑ 0.5𝑛−𝑘𝑥[𝑘]

𝑛+1

𝑘=−∞

 

Is it linear, time-invariant, causal, BIBO stable? 

 

 

 

 

 

 

 

 

𝑦[𝑛] = ∑ 0.5𝑛−𝑘(𝑥1[𝑘] + 𝑎𝑥2[𝑘]) =

𝑛+1

𝑘=−∞

∑ 0.5𝑛−𝑘𝑥1[𝑘]

𝑛+1

𝑘=−∞

+ 𝑎 ∑ 0.5𝑛−𝑘𝑥2[𝑘]

𝑛+1

𝑘=−∞

= 𝑦1 + 𝑎𝑦2 

So linear. 

N Delayed output: 

∑ 0.5𝑛−𝑁−𝑘𝑥[𝑘]

𝑛−𝑁+1

𝑘=−∞

 

N Delayed-input response: 

∑ 0.5𝑛−𝑘𝑥[𝑘 − 𝑁]

𝑛+1

𝑘=−∞

 

Make them look alike by a change of variable as 𝑘 − 𝑁 = 𝑚 so 

 

∑ 0.5𝑛−𝑁−𝑚𝑥[𝑚]

𝑛−𝑁+1

𝑚=−∞

 

N Delayed output is the same N Delayed-input response. Time Invariant. 

Output at time n depends on input at time n+1 (Future) Non-causal 

Let |𝑥[𝑘]| < 𝐵𝑥   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘. Then  

|𝑦[𝑛]| < 𝐵𝑥 ∑ 0.5𝑛−𝑘

𝑛+1

𝑘=−∞

 

Define 𝑛 − 𝑘 = 𝑚 

|𝑦[𝑛]| < 𝐵𝑥 ∑ 0.5𝑚

∞

𝑚=−1

= 𝐵𝑥 (0.5−1 + ∑ 0.5𝑚

∞

𝑚=0

) = 𝐵𝑥 (2 +
1

1 − 0.5
) = 4𝐵𝑥 = 𝐵𝑦 < ∞ 

BIBO stable 

 

 

 

 

 

 

 

  

Linear? 

Time-invariant? 

Causal? 

BIBO stable? 
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6) [10 pts.] Impulse response? 

 

 

ℎ[𝑛] = ∑ 0.5𝑛−𝑘𝛿[𝑘]

𝑛+1

𝑘=−∞

= 0.5𝑛 ∑ 𝛿[𝑘]

𝑛+1

𝑘=−∞

= 0.5𝑛𝑢[𝑛 + 1] 

 

 

  

ℎ[𝑛] =   0.5𝑛𝑢[𝑛 + 1]       
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7) [15pts] Find the Fourier series coefficients of 𝑥(𝑡), with the period of 4 sec. and the one-

period signal 

𝑥1(𝑡) = 𝑟(𝑡 + 1) − 2𝑟(𝑡) + 𝑟(𝑡 − 1) 
 

 

 

 

 

 

The Laplace transform 

𝑋1(𝑠) =
(𝑒𝑠 − 2 + 𝑒−𝑠)

𝑠2
    𝑅𝑂𝐶 = 𝑤ℎ𝑜𝑙𝑒 𝑠 − 𝑝𝑙𝑎𝑛𝑒 

ROC includes all 𝑗Ωo𝑘’s,  

𝑋𝑘 =
1

𝑇𝑜
𝑋1(𝑠)|𝑠=𝑗Ω𝑜𝑘 =

1

4

(𝑒𝑗
𝜋
2

𝑘 − 2 + 𝑒−𝑗
𝜋
2

𝑘)

− (
𝜋
2

)
2

𝑘2

=
(2 − 𝑒𝑗

𝜋
2

𝑘 − 𝑒−𝑗
𝜋
2

𝑘)

𝜋2𝑘2
, ∀𝑘 ≠ 0 

 𝑋𝑜 = 1  

You may further simplify it (the rest is optional) 

𝑋𝑘 = 2
1 − cos (

𝜋
2

𝑘)

𝜋2𝑘2
 

 

Or  

𝑋𝑘 =
−1

𝜋2𝑘2
(𝑒𝑗

𝜋
4

𝑘 − 𝑒−𝑗
𝜋
4

𝑘)
2

=
4

𝜋2𝑘2
( 

𝑒𝑗
𝜋
4

𝑘 − 𝑒−𝑗
𝜋
4

𝑘

2𝑗
)

2

=
1

4
(

1
𝜋
4 𝑘

)

2

 sin (
𝜋

4
𝑘)

2

 

𝑋𝑘 =
1

4
𝑠𝑖𝑛𝑐 (

𝜋

4
𝑘)

2

 

And 

 

 𝑋𝑜 = 1  

Must be specified. 

 

 

8) [15pts.] Find the Fourier transform of  

𝑥(𝑡) = 𝑒−5𝑡 sin(4𝑡) 𝑢(𝑡) 
 

 

 

 

 

The Laplace transform 

𝑋(𝑠) =
4

(𝑠 + 5)2 + 16
    𝑅𝑂𝐶 = {𝜎 > −5} 

Sine ROC includes 𝑗Ω, laplace transform may be used for the fourier transform as 

 

𝑋(Ω) =
4

(𝑗Ω + 5)2 + 16
=

4

41 − Ω2 + 𝑗10Ω
 

 

𝑋𝑘 =   2
1 − cos (

𝜋
2

𝑘)

𝜋2𝑘2
 ∀𝑘 ≠ 0,        

𝑋𝑜 = 1     

𝑋(Ω) =
4

41 − Ω2 + 𝑗10Ω
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9) [20 pts.] A bank is giving housing credit of 𝐿 lira with monthly interest of 𝛼%. Find the 

monthly payment you need to make to pay the total loan in 10 years.  

Hints: First write the difference equations 𝑦[𝑛] being your total debt at the 𝑛𝑡ℎ month. Let 

𝑥[𝑛] = 𝑋 be your constant monthly payment. Recursively, write the total debt starting from 

month zero to the 120th month (10 years) and solve for the unknown 𝑋 symbolically  

 

 

 

 

First write the difference equations y[n] being your total debt at the nth month. Let x[n] = X 

be your constant monthly payment at the nth month. Thus 

𝑦[𝑛] = (1 + 𝑎%)𝑦[𝑛 − 1] − 𝑥[𝑛] 

With y[0] = yo = 2 Million 

 

Let (1 + 𝑎%) = 𝑟. Recursively, write the total debt  

𝑦[1] = 𝑟𝑦𝑜 − 𝑋 

𝑦[2] = 𝑟𝑦[1] − 𝑋 = 𝑟(𝑟𝑦𝑜 − 𝑋) − 𝑋 

𝑦[2] = 𝑟2𝑦𝑜 − (𝑟 + 1)𝑋 

⋮ 

𝑦[𝑁] = 𝑟𝑁𝑦𝑜 − ∑ 𝑟𝑘

𝑁−1

𝑘=0

𝑋 

Or geometric sum rewritten as 

𝑦[𝑁] = 𝑟𝑁𝑦𝑜 −
1 − 𝑟𝑁

1 − 𝑟
𝑋 

For 10 year plan N=120 the total debt must be paid off, the balance, 𝑦[120] = 0,  

𝑋 =
𝑟120(𝑟 − 1)

𝑟120 − 1
𝐿 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑋 =
𝑟121 − 𝑟120

𝑟120−1
𝐿 with 𝑟 = 1 + 𝑎% 
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10) [20 pts.] For an LTI DT system represented by h[n] below, find its response to the input x[n] 

 
 

When 𝑛 + 1 < 1 then 𝑦[𝑛] = 0 since they don’t overlap as seen from Fig. above. Hence, 

𝑛 < 0 → 𝑦[𝑛] = 0 

𝑛 + 1 = 1 → 𝑦[0] = 1 

𝑛 + 1 = 2 → 𝑦[1] = 1 + 1 = 2 

𝑛 + 1 = 3 → 𝑦[2] = 1 + 1 = 2 

𝑛 + 1 = 4 → 𝑦[3] = 1 + 1 = 2 

𝑛 + 1 = 5 → 𝑦[4] = 1 

𝑛 > 4 → 𝑦[𝑛] = 0 
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