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1)  [25 pts.] Let the DT system be 

𝑦[𝑛] = cos(20𝜋𝑛 − 𝜋/3)𝑥[𝑛] 

i. (5 pts.) Time-invariant? Prove it. 

a) Yes                                         b) No 

 

𝑦[𝑛 − 𝑁] = cos(20𝜋𝑛 − 2𝜋10𝑁 − 𝜋/3)𝑥[𝑛 − 𝑁] 

𝐷𝑒𝑙𝑎𝑦𝑒𝑑 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = cos(20𝜋𝑛 − 𝜋/3)𝑥[𝑛 − 𝑁] 

Both equal if cos(20𝜋𝑛 − 2𝜋10𝑁 − 𝜋/3) = cos(20𝜋𝑛 − 𝜋/3)   ∀𝑁 ∈ 𝕀.  YES it is Time Invariant. 

 

2) [20 pts.] Find the Fourier series representation of periodic signal 𝑥(𝑡), with period of 4 sec. and one period 

𝑥1(𝑡) = 𝑢(𝑡 − 1) − 𝑢(𝑡 − 3). 

a)  

b) (13 pts.) What is the amplitude of the second harmonic (𝐴 in 𝐴 cos(2Ω𝑜𝑡)  term)? 

c)  
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3) [25 pts.] Let system be defined by 

𝑦(𝑡) = 5 ∫ 𝑒−2(𝑡−𝜏)𝑥(𝜏 − 1)𝑑𝜏
𝑡

−∞

 

(5 pts.) Describe methods to find CT LTI system response to an arbitrary input? 

(20 pts.) Find the system response to the input 𝑥(𝑡) = 𝑟(𝑡) − 2𝑟(𝑡 − 1) + 𝑟(𝑡 − 2) using Laplace transform  

 

a) Find the impulse response ℎ(𝑡) = 𝑆[𝛿(𝑡)] then apply the convolution integral in time domain  

𝑦(𝑡) = [ℎ ∗ 𝑥](𝑡)  

or Laplace transform input 𝑋(𝑠) and impulse response 𝐻(𝑠) multiplication’s inverse laplace  

𝑦(𝑡) = 𝐿−1{𝐻(𝑠)𝑋(𝑠)} 

Direct approach 𝑦(𝑡) = 𝑆[𝑥(𝑡)] 

b) ℎ(𝑡) = 5 ∫ 𝑒−2(𝑡−𝜏)𝛿(𝜏 − 1)𝑑𝜏
𝑡

−∞
= 5𝑒−2(𝑡−1) ∫ 𝛿(𝜏 − 1)𝑑𝜏

𝑡

−∞
= 5𝑒−2(𝑡−1)𝑢(𝑡 − 1) 

𝐻(𝑠) =
5

𝑠 + 2
𝑒−𝑠 

𝑋(𝑠) =
1 − 2𝑒−𝑠 + 2𝑒−2𝑠

𝑠2
 

𝑌(𝑠) = 𝐻𝑋 =
5

𝑠2(𝑠 + 2)
(𝑒−𝑠 − 2𝑒−2𝑠 + 2𝑒−3𝑠) 

Define the core term (without the delays) 

𝑍(𝑠) =
5

𝑠2(𝑠 + 2)
 

PFE for simplified terms 
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Find the coefficients 

𝑐𝑜 = (𝑠 + 2)𝑍|𝑠=−2 =
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𝑧(𝑡) =
5

4
{−1 + 𝑡 + 𝑒−2𝑡} 𝑢(𝑡) 

Using the LTI time shift prop. 

𝑦(𝑡) =
5

4
{−𝑧(𝑡 − 1) + 𝑧(𝑡 − 2) + 𝑧(𝑡 − 3)}  

 

 

 

 

 

 

 

 

 

 

 
tonozdayim.com/@NicheEnjoyer67



 

4) [10 pts] Find the convolution sum of (𝑥⨂ℎ)[𝑛] where 

𝑥[𝑛] = 0.2𝑛(𝑢[𝑛] − 𝑢[𝑛 − 2]),   ℎ[𝑛] = 0.5𝑛(𝑢[𝑛 + 1] − 𝑢[𝑛 − 1]) 

 

 

 

 

 

 

 

 

 

 

 

ℎ1[𝑛] = 2(𝑢[𝑛] − 𝑢[𝑛 − 3]) 

ℎ2[𝑛] = 0.4𝑛𝑢[𝑛] 

ℎ3[𝑛] = 𝛿[𝑛] − 𝛿[𝑛 − 1] 

 

 

5) [20 pts.] What is the equivalent impulse response of the overall system shown above? 

In time domain: 

ℎ[𝑛] = ℎ1[𝑛] ∗ (ℎ2[𝑛] + ℎ3[𝑛]) = (ℎ1 ∗ ℎ2)[𝑛] + (ℎ1 ∗ ℎ3)[𝑛] 

𝑎) Note that we have general terms of 𝑢[𝑛] ∗ 𝑟𝑛𝑢[𝑛 − 𝑎] for 𝑟 ∈ ℝ, 𝑎 ∈ 𝕀, the convolution sum 

𝑢[𝑛] ∗ 𝑟𝑛𝑢[𝑛 − 𝑎]  = ∑ 𝑢[𝑛 − 𝑘]𝑟𝑘𝑢[𝑘 − 𝑎]

∞

𝑘=−∞

= 𝑢[𝑛 − 𝑎] ∑ 𝑟𝑘

𝑛

𝑘=𝑎

= 𝑢[𝑛 − 𝑎] {
(1 − 𝑟𝑛+1)

1 − 𝑟
−

(1 − 𝑟𝑎)

1 − 𝑟
} 

𝑢[𝑛] ∗ 𝑟𝑛𝑢[𝑛 − 𝑎]  = {
𝑟𝑎 − 𝑟𝑛+1

1 − 𝑟
} 𝑢[𝑛 − 𝑎] =

𝑟𝑎

1 − 𝑟
{1 − 𝑟𝑛+1−𝑎}𝑢[𝑛 − 𝑎]      (1) 

𝑏) 𝑢[𝑛 + 𝑎] ∗ 𝛿[𝑛 + 𝑏]  for 𝑎, 𝑏 ∈ 𝕀, the convolution sum 

𝑢[𝑛 + 𝑎] ∗ 𝛿[𝑛 − 𝑏] =   ∑ 𝑢[𝑛 − 𝑘 + 𝑎]𝛿[𝑘 − 𝑏]

∞

𝑘=−∞

= ∑ 𝛿[𝑘 − 𝑏] =

𝑛+𝑎

𝑘=−∞

∑ 𝛿[𝑚] =

𝑛+𝑎−𝑏

𝑚=−∞

𝑢[𝑛 + 𝑎 − 𝑏]       (2) 

These general results may be reused for various problems. Apply this for the final question where 

(ℎ1 ∗ ℎ2)[𝑛] = 2(𝑢[𝑛] ∗ (0.4𝑛𝑢[𝑛]) − 𝑢[𝑛 − 3] ∗ (0.4𝑛𝑢[𝑛])) 

𝑢[𝑛] ∗ (0.4𝑛𝑢[𝑛]) =
1

0.6
(1 − 0.4𝑛+1)𝑢[𝑛]         ( 𝑟 = 0.4, 𝑎 = 0) 

𝑢[𝑛 − 3] ∗ (0.4𝑛𝑢[𝑛]) =
0.4−3

0.6
(1 − 0.4𝑛−2)𝑢[𝑛 − 3]  (𝑟 = 0.4, 𝑎 = 3) 

(ℎ1 ∗ ℎ2)[𝑛] =
10

3
((1 − 0.4𝑛+1)𝑢[𝑛] − 0.4−3(1 − 0.4𝑛−2)𝑢[𝑛 − 3]) (3) 

 

The second term 

(ℎ1 ∗ ℎ3)[𝑛] = 2(𝑢[𝑛] − 𝑢[𝑛 − 3]) ∗ (𝛿[𝑛] − 𝛿[𝑛 − 1]) 

May be computed using the general template (2) as 

𝑢[𝑛] ∗ 𝛿[𝑛] = 𝑢[𝑛]                   (𝑎 = 0, 𝑏 = 0) 

𝑢[𝑛] ∗ 𝛿[𝑛 − 1] = 𝑢[𝑛 − 1]    (𝑎 = 0, 𝑏 = 1) 

𝑢[𝑛 − 3] ∗ 𝛿[𝑛] = 𝑢[𝑛 − 3]        (𝑎 = −3, 𝑏 = 0) 

𝑢[𝑛 − 3] ∗ 𝛿[𝑛 − 1] = 𝑢[𝑛 − 4]  (𝑎 = −3, 𝑏 = 1) 

(ℎ1 ∗ ℎ3)[𝑛] = 2(𝑢[𝑛] + 𝑢[𝑛 − 1] − 𝑢[𝑛 − 3] + 𝑢[𝑛 − 4]) = 2(𝛿[𝑛] − 𝛿[𝑛 − 3]) (4) 

 

ℎ3[𝑛] 

ℎ1[𝑛] ℎ2[𝑛] 

𝑥[𝑛] 𝑦[𝑛] 

+ 
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In z (frequency) domain, the solution would have been shorter 

𝐻(𝑧) = 𝐻1(𝑧)[𝐻2(𝑧) + 𝐻3(𝑧)] 

 

ℎ1[𝑛] = 2(𝑢[𝑛] − 𝑢[𝑛 − 3]) = 2𝛿[𝑛] + 2𝛿[𝑛 − 1] + 2𝛿[𝑛 − 2] → 𝐻1(𝑧) = 2(1 + 𝑧−1 + 𝑧−2) 

ℎ2[𝑛] = 0.4𝑛𝑢[𝑛] →  𝐻2(𝑧) =
1

1 − 0.4𝑧−1
 

ℎ3[𝑛] = 𝛿[𝑛] − 𝛿[𝑛 − 1] → 𝐻3(𝑧) = 1 − 𝑧−1 

𝐻(𝑧) = 𝐻1[𝐻2 + 𝐻3] = 2(1 + 𝑧−1 + 𝑧−2) [
1

1 − 0.4𝑧−1
+ 1 − 𝑧−1] 

𝐻(𝑧) = 2 (
1

1 − 0.4𝑧−1
+ 𝑧−1

1

1 − 0.4𝑧−1
+ 𝑧−2

1

1 − 0.4𝑧−1
+ 1 − 𝑧−3) 

Inverse z-xform 

ℎ[𝑛] = 2(ℎ2[𝑛] + ℎ2[𝑛 − 1] + ℎ2[𝑛 − 2] + 𝛿[𝑛] − 𝛿[𝑛 − 3]) 
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